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Abstract. This note begins by observing that a graded central simple algebra, graded by 
an abelian group, is a graded Azumaya algebra and it is free over its centre. For a graded 
Azumaya algebra A free over its centre R, we show that Kf r (A) is "very close" to Kf T (R), 
f- ^ where Kf r (R) is defined to be A~i(CPgr(i?)). Here CPgr(i?) is the category of graded finitely 

fN| , generated projective i?-modules and Ki, i > 0, are the Quillen AT-groups. 

> 

o 

iO \ 1. Introduction 

^ ! Let R be a commutative ring and A be an algebra over R which is finitely generated as 

| an R- module. If for any maximal ideal m of R, the algebra A (Sir R/m is a central simple 
i?/m-algebra, then A is called an Azumaya algebra. This is equivalent to saying that A is 
a faithfully projective -R-module, and the natural -R-algebra homomorphism A ®r A op — > 
Endn(A) is an isomorphism (see [9, Thm. III. 5. 1.1]). In [6] it was proven that for an Azumaya 
algebra A free over its centre R of rank n, the Quillen K- groups of A are isomorphic to the 
i^-groups of its centre up to n-torsion, i.e., 

> 

OO ! (I) Ki(A) ® Z 1/n Ki(R) <g> Z 1/n . 

m . 

Boulagouaz [2, Prop. 5.1] and Hwang and Wadsworth [8, Cor. 1.2] observed that a graded 
central simple algebra, graded by a torsion free abelian group, is an Azumaya algebra; thus 
q ■ its i^-theory can be estimated by the above result. 
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This note studies graded central simple algebras graded by an arbitrary abelian group. 
We observe that a graded central simple algebra, graded by an abelian group, is a (graded) 
Azumaya algebra (Theorem 2.4), which extends the result of [2, 8] to graded rings in which 
the grade group is not totally ordered. Thus its .ff -theory can also be estimated by (I). We 
then study the graded i^-theory of graded Azumaya algebras. We introduce an abstract 
functor called a graded D-functor defined on the category of graded Azumaya algebras over 
a commutative graded ring R (Definition 3.3), and show that the range of this functor is the 
category of bounded torsion abelian groups (Theorem 3.4). We then prove that the kernel 
and cokernel of the i^-groups are graded D-functors, which allows us to show that, for a 
graded Azumaya algebra A free over R, we have a relation similar to (I) in the graded setting 
(see Theorem 3.5). 

This note is organised as follows. We begin Section 2 by recalling some definitions, many 
of which can be found in [8, 10], though not always in the generality that we require. We 
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then study graded central simple algebras graded by an arbitrary abelian group and observe 
that they are Azumaya algebras (Theorem 2.4). In order to do so, we need to rewrite the 
standard results from the literature in the setting of arbitrary graded rings. We observe 
that the tensor product of two graded central simple i?-algebras is graded central simple 
(Propositions 2.2 and 2.3). This result has been proven by Wall for Z/2Z -graded central 
simple algebras (see [11, Thm. 2]), and by Hwang and Wadsworth for i?-algebras with a 
totally ordered, and hence torsion-free, grade group (see [8, Prop. 1.1]). 

In Section 3 we study the graded K-theory of graded Azumaya algebras by introducing 
an abstract functor called a graded D-functor, which is defined on the category of graded 
Azumaya algebras over a commutative graded ring R (Definition 3.3). Similar concepts have 
been studied in [4, 5, 6], where functors have been defined on the category of central simple 
algebras and the category of Azumaya algebras. 

2. Graded Central Simple Algebras 

We begin this section by recalling some basic definitions in the graded setting. A unital 
ring R = ® 7gr R 7 is called a graded ring if T is a group, each R 1 is a subgroup of (R, +) 
and Rry ■ R$ C R 1+ $ for all 7, 5 G T. We remark that although T is initially an arbitrary 
group which is not necessarily abelian, we will write T as an additive group. The elements 
of R 1 are called homogeneous of degree 7 and we write deg(x) = 7 if x G R~ l . We set 

= {7 £ T : R~t 7^ {0}}, the support (or grade set) of R, 
T* R = {7 G T : R* 7^ 0}, the support of invertible homogenous elements of R 

and R h = i? 7 , the set of homogeneous elements of R. 

7er K 

Here R* is the set of invertible elements of R. Note that the support of R is not necessarily 
a group, and that 1r is homogeneous of degree zero. An ideal / of R is called a graded ideal 
if 

/ = 0(/nig. 

Let S = ® 7gr / be another graded ring and suppose there is a group A containing T 
and I"" as subgroups. The graded ring R can be written as R = ® 7gA R~, with R 1 = if 
7 G A \ Tr, and similarly for S. Then a graded ring homomorphism f : R — > S is a ring 
homomorphism such that f(Rj) C for all 7 G A. If / is bijective, then / is a graded 
isomorphism. A graded ring R is said to be graded simple if the only graded two-sided ideals 
of R are {0} and R. A graded ring D = ® 7gr D 1 is called a graded division ring if every 
non-zero homogeneous element has a multiplicative inverse, where it follows easily that 
is a group. 

We say that a group (r, +) acts freely (as a left action) on a set T' if for all 7, 7' G T, 
5 G T', we have 7 + 5 = 7' + 5 implies 7 = 7', where 7 + 5 denotes the image of 5 under 
the action of 7. A graded left R-module M is defined to be an i?-module with a direct sum 
decomposition M = © 7gr / M 7 , where M 7 are abelian groups and T acts freely on the set T', 
such that Rry ■ M\ C M 1+ \ for all 7 G Tf>, A G V. From now on, unless otherwise stated, a 
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graded module will mean a graded left module. A graded i?-module M is said to be graded 
simple if the only graded submodules of M are {0} and M, where graded submodules are 
defined in the same way as graded ideals. A graded free R-module M is defined to be a 
graded i?-module which is free as an .R-module with a homogeneous base. 

Let N = ® 7gr // N 7 be another graded i?-module, such that there is a group A contain- 
ing T' and T" as subgroups, where T acts freely on A. A graded R-module homomorphism 
f : M — > N is an .R-module homomorphism such that f(Mg) C N§ for all 5 G A. Let 
Hom^_g r _jvcoo(M, N) denote the group of graded i?-module homomorphisms, which is an ad- 
ditive subgroup of Hohir(M, N). A graded -R-module homomorphism may also shift the 
grading on N. For each 5 G A, we have a subgroup of B.om R (M, N) of 5-shifted homomor- 
phisms 

Hom fl (M, N) s = {f G Hom B (M, N) : /(M 7 ) C 7V 7+5 for all 7 G A}. 
Let KOM R (M, N) = 5er Rom R (M, N) s . For some 5 G A, we define the 5-shifted .R-module 
M(S) as M(S) = 7eA M (£) 7 where M (5) 7 = M 7+5 . Then 

Rom R (M,N) s = Eom R . QM (M,N(5)) = Hom i? . gc _ Moi) (M(-5), N). 

If M is finitely generated, then ROM R (M,N) = Hom fl (M, N) (see [10, Cor. 2.4.4]). Note 
that R(5) = gr R as graded /^-modules if and only if 5 G T* R . 

In the following Proposition we are considering graded modules over graded division rings. 
We note that the grade groups here are defined as above; that is, we do not initially assume 
them to be abelian or torsion-free. 

Proposition 2.1. Let T be a group which acts freely on a set T' . Let R = © 7gr Ry be 
a graded division ring and M = ® 7Gr v M 7 be a graded module over R. Then M is a 
graded free R-module. More generally, any linearly independent subset of M consisting of 
homogeneous elements can be extended to form a homogeneous basis of M . Furthermore, 
any two homogenous bases have the same cardinality and if N is a graded submodule of M , 
then 

(II) dim fl (iV) + dim R (M/iV) = dim R (M). 

Proof. The proof follows the standard proof in the non-graded setting (see for example [7, 
Thms. IV.2.4, 2.7, 2.13]), or the graded setting (see [1, Thm. 3], [8, p. 79], [10, Prop. 4.6.1]); 
however extra care needs to be given since the grading is neither abelian nor torsion free. □ 

A graded field R = © 7er -R 7 is defined to be a commutative graded division ring. Note 
that the support of a graded field is an abelian group. Let T' be another group such that there 
is a group A containing T and T' as subgroups. A graded R-algebra A = © 7er / A 7 is a graded 
ring which is an R- algebra such that the associated ring homomorphism (p : R — > Z(A) is 
a graded homomorphism. A graded algebra A over R is said to be a graded central simple 
algebra over R if A is a graded simple ring, Z(A) = R, and [A : R] < oo. Note that since 
the centre of A is a graded field, by Proposition 2.1, A is graded free over its centre, so the 
dimension of A over R is uniquely defined. 

Let A = © 7gr / A~f and B = ® 7er // B 7 be graded i?-algebras, such that there is a group 
A containing T' and T" as subgroups with V C Z^(T"), where Z^(T") is the set of elements 
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of A which commute with T". Then A <S)r B has a natural grading as a graded i?-algebra 
given by A ® R B = 7gA (A ®r S) 7 where: 

(A ® R B)^ = )^a i ®b i :a i e A h , h G B h , deg(a i ) + deg(^) = 7 J 

Note that the condition T' C Z&(T") is needed to ensure that the multiplication on A (B)r B 
is well defined. Moreover, for the following Proposition, we require that the group A is an 
abelian group. 

For a graded ring A = ® 7gr / Ay, let A op denote the opposite graded ring, where the grade 
group of A op is the opposite group r /op . So, for a graded i?-algebra A, in order to define 
A ®r A op , we note that the grade group of A must be abelian. Thus we will now assume 
that for a graded .R-algebra A = ® 7gr / Ay, the group V is in fact an abelian group. 

By combining Propositions 2.2 and 2.3, we show that the tensor product of two graded 
central simple i?-algebras is graded central simple, where the grade groups T' and T", as 
below, are abelian but not necessarily torsion-free. This has been proven by Wall for graded 
central simple algebras with Z/2Z as the support (see [11, Thm. 2]), and by Hwang and 
Wadsworth for i?-algebras with a torsion- free grade group (see [8, Prop. 1.1]). 

Proposition 2.2. Let T, V and T" be abelian groups such that there is an abelian group 
A containing T, V and T" as subgroups. Let R = ® 7gr -R 7 be a graded field and let A = 
7gr , A 7 and B = ® 7gr » £> 7 be graded R- algebras. If A is graded central simple over R and 
B is graded simple, then A®rB is graded simple. 

Proof. Let / be a graded two-sided ideal of A® B, with 1^0. We will show that A®B = I. 
First suppose a <S> b is a homogeneous element of /, where a G A h and b G B h . Then A is the 
graded two-sided ideal generated by a, so there exist Oj, a\ G A h with 1 = Y^ a i aa i- Then 

J^(a 4 <g> l)(a <8> b)(a'i <g> 1) = 1 <g> b 

is an element of I. Similarly, B is the graded two-sided ideal generated by b. Repeating the 
above argument shows that 1 <g> 1 is an element of I, proving I = A ® B in this case. 

Now suppose there is an element x G I h , where x = a% <S> b\ + • • • + a k <8> bf., with aj G A h , 
bj G B h and k as small as possible. Note that since x is homogeneous, deg(aj) + deg(fej) = 
deg(x) for all j. By the above argument we can suppose that k > 1. As above, since a k G A h , 
there are q, G A h with 1 = Yl c i a kc'i- Then 

® l)^(c- ® 1) = (^(QaicO) <8> 6 X + ■ • • + (^( c ^fc-i c i)) ® &fc-i + 1 ® 

where the terms (X^( c * a j c i)) ® are homogeneous elements of A® 5. Thus, without loss of 
generality, we can assume that — 1. Then and a^-i are linearly independent, since if 
<2fc_i = Aafc with A G -R, then a^-i ®bk-\ + a k ®bk = a k ® (A&£_i + &&), which is homogeneous 
and thus gives a smaller value of /c. 

Thus a^-i R — Z(A), and so there is a homogeneous element a E A with aa^^i— at-ia 7^ 
0. Consider the commutator 

(a (g> l)x — x(a (g) 1) = (aai — aia) (g) 61 + h (aa^-i — afe-ia) <g 6fc-i, 
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where the last summand is not zero. If the whole sum is not zero, then we have constructed 
a homogeneous element in I with a smaller k. Otherwise suppose the whole sum is zero, and 
write c = aa^i — a^^ia. Then we can write c® b^-i = 2^y=i x j®bj where Xj = —(aaj —CLja). 
Since 7^ c £ A h and A is the graded two-sided ideal generated by c, using the same argument 
as above, we have 

(III) 1 ® = x[ ® 61 H h x' fc _ 2 ® 6 fc _2 

for some £ Since 61, . . . , fo^-i are linearly independent homogeneous elements of B, 
they can be extended to form a homogeneous basis of B, say by Proposition 2.1. Then 
{1 Cg> 6j} forms a homogeneous basis of A <S)r B as a graded A- module, so in particular they 
are A-linearly independent, which is a contradiction to equation (III). This reduces the proof 
to the first case. □ 

Proposition 2.3. Let T, V and V" be abelian groups such that there is an abelian group A 
containing T, V and T" as subgroups. Let R be a graded field and let A = ® 7eI v A 1 and 
B = © 7gr « Bj be graded R-algebras. If A' C A and B' C B are graded subalgebras, then 

Z A ® B (A' <g> B') = Z A (A') ® Z B (B'). 

In particular, if A and B are central over R, then A ®r B is central. 

Proof. First note that by Proposition 2.1, A', B', Za(A') and Zb(B') are free over R, and 
thus one can consider Za®b(A' ® B') and Za(A') ® Zb(B') as subalgebras of A <g> B. 

The inclusion D follows immediately. For the reverse inclusion, let x £ Za®b{A'®B'). Let 
b\, . . . , b n be a homogeneous basis for B over R which exists thanks to Proposition 2.1. Then 
x can be written uniquely as x = X\ <E> 61 + ■ ■ ■ + x n <g> b n for Xi £ A (see [7, Thm. IV. 5. 11]). 
For every a £ A', (a ® l)x = x(a g) 1), so 

(a^i) (g) 61 H h (ax n ) ® 6 n = (xia) <g> 61 + h (x n a) ® b n . 

By the uniqueness of this representation we have xia = aXi, so that Xi £ Za{A') for each z. 
Thus we have shown that x £ Za(A') (£)r B. Similarly, let ci, . . . , C}. be a homogeneous basis 
of Za{A'). Then we can write x uniquely as 2 = ci <g> y\ + ■ — h c k (g) y fc for £ 5. A similar 
argument to above shows that yj £ Zb(B'), completing the proof. □ 

Theorem 2.4. Let F and V be abelian groups such that there is an abelian group A con- 
taining T and r' as subgroups. Let A = ® 7gr / A^ be a graded central simple algebra over the 
graded field R = ® 7gr R-y- Then A is an Azumaya algebra over R. 

Proof. Since A is graded free of finite rank, it follows that A is faithfully projective over R. 
There is a natural graded i?-algebra homomorphism ip : A (g># A op — > EndR(A) defined by 
ijj(a(8)b)(x) = axb where a, x £ A, b £ A op . By Proposition 2.2, the domain is graded simple, 
so ip is injective. Hence the map is surjective by dimension count, using equation (II). This 
shows that A is an Azumaya algebra over R, as required. □ 

For a graded field R, this theorem shows that a graded central simple i?-algebra, graded 
by an abelian group T', is an Azumaya algebra over R. One can not extend the theorem 
to non-abelian grading. Consider a finite dimensional division algebra D and a group G 
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and consider the group ring DG. This is clearly a graded simple algebra (in fact a graded 
division ring) and if G is abelian the above theorem implies that DG is an Azumaya algebra. 
However in general, for an arbitrary group G, DG is not always an Azumaya algebra. In 
fact DeMeyer and Janusz [3] have shown the following: the group ring RG is an Azumaya 
algebra if and only if R is Azumaya, [G : Z{G)\ < oo and [G, G], the commutator subgroup 
of G, has finite order m and m is invertible in R. 

Corollary 2.5. Let V and V be abelian groups such that there is an abelian group A con- 
taining T and V as subgroups. Let A = ® 7gr / A 1 be a graded central simple algebra over its 
graded centre R = © 7gr -R 7 of degree n. Then for any i > 0, 

Ki(A) <S> Z[l/n] = Ki(R)®Z[l/n]. 

Proof. By Theorem 2.4, a graded central simple algebra A over R is an Azumaya algebra. 
From Proposition 2.1, since R is a graded field, A is a free .R-module. The corollary now 
follows immediately from [6, Thm. 6] (or see (I)), since A is an Azumaya algebra free over 
its centre. □ 



3. Graded K-theory of Azumaya algebras 

Corollary 2.5 above shows that the i^-theory of a graded division algebra is very close 
to the i^-theory of its centre, where this follows immediately from the corresponding result 
in the non-graded setting (see [6, Thm. 6]). Note that for the i^-theory of a graded central 
simple algebra A, we are considering Ki(A) = Ki('S > (A)), where 7(A) denotes the category 
of finitely generated projective A-modules. But in the graded setting, there is also the 
category of graded finitely generated projective modules over a given graded ring, which 
is what we consider here. Below we define an abstract functor called a graded D-functor 
(Definition 3.3), and show that its range is the category of bounded torsion abelian groups. 
We use this to show that a similar result to the above Corollary also holds when we consider 
graded projective modules over a graded ring. 

Let T be an abelian group and let R = © 7gr R-y be a commutative T-graded ring. We 
will consider the category i?-$jt-MoD which is defined as follows: the objects are T-graded 
left i?-modules, and for two objects M, N in i?-$jt-MoD, the morphisms are defined as 

Hom^-Mo^M, N) = {fe Rom R (M, N) : /(M 7 ) C iV 7 for all 7 G T}. 

Through out this section, unless otherwise stated, we will assume that T is an abelian group, 
R is a fixed commutative T-graded ring and all graded rings, graded modules and graded 
algebras are also T-graded. 

Let A be a graded ring and let (d) = (<5i, . . . , 6 n ), where each Si G T. Then we have a 
graded ring M n (A)(d), where M n (A)(d) means the n x n-matrices over A with the degree 
of the r/'-entry shifted by Si — Sj. Thus, the e-component of M n (A)(d) consists of matrices 
with the zj-entry in A e+ s i s r Consider 

A n (d) = ^(A(5 1 ) J ®---®A(5 n ) J ) 

7er 
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where A{5i) 1 is the 7-component of the ^-shifted graded A-module A(5i). Note that for each 
i, 1 < i < n , the basis element e$ of A n (d) is homogeneous of degree — 

Suppose M is a graded left A-module which is graded free with a finite homogeneous base 
{bi, . . . , where deg(frj) = 5{. If we ignore the grading, it is well-known that End^(M) = 
M n (A). When we take the grading into account, we have that Endyi(M) = gr M n (A)(d) for 
(d) = (5i, . . . , S n ) (see [10, Prop. 2.10.5]). Note that this isomorphism does not depend on 
the order that the elements in the basis are listed. For some permutation tt £ S n we have 
that {£^(1), • • • , &7r(n)} is also a homogeneous base of M. So for (d') = (5^(1), . . . , S n (n)) we 
have M n (A)(d') = gr End A (M) = gr M n {A){d). Further for (-d) = . . . , -5 n ), the map 

tp : A n {— d) — >■ M defined by y?(ej) = 6, is a graded A-module isomorphism, and we write 
M ^ gr A n {-d). 

For a T-graded ring A, and (d) = (5%, . . . , 5 n ) £ r n , (a) = (ai, . . . a m ) £ T m , let 

^ A-S x + ai A-5 1+a2 ■■■ A-S 1 +a m \ 
1\/T f A\UM I ^-5 2 +«i A_s 2 +a 2 ■■■ A_s 2 +a m 

M nxm (A)[d\[a\ = . ... 

\A~8 n + ai A-g n+ol2 ■ ■ ■ A^s n +a m / 
So M nxm (A)[<i][a] consists of matrices with the zj-entry in A-g i+aj . 

Proposition 3.1. Let A be a V -graded ring and let (d) = (8±, . . . , 8 n ) £ r n , (a) = (a±, . . . , ct m ) £ 
r m . Then A n (d) = gr A m (a) as graded A-modules if and only if there exists 

(A)[d][a}. 

Proof. If r = (rij) £ GL nXm (A)[d][a], then there is a graded A-module homomorphism 

X : A n (d) — ► A m (a) 

Since r is invertible, there is a matrix t £ GL mxn (A) with rt = I n and tr = I m . So there is 
an A-module homomorphism Jit : A m (a) — >■ A n (cf), which is an inverse of 5l r . This proves 
that & r is bijective, and therefore it is a graded A-module isomorphism. 

Conversely, if : A n (d) = gr A m (a), then we can construct a matrix as follows. Let 
denote the basis element of A n (d) with 1 in the i-th entry and elsewhere. Then let 4>(ei) = 
{rn,r i2 , . . . ,r im ), and let r = (r^) nXm . It can be easily verified that r £ M nXm (A)[d][a]. 
In the same way, using <p~ l : A m (a) — > A n (d) construct a matrix t. Let e' t denote the i-th 
element of the standard basis for A m (a). Since e, = 0~ 1 o0(e i ) = r il </) _1 (e / 1 ) +r i2 _1 (e2) . . . + 
r im4>~ 1 { e ' m ) f° r each i, and in a similar way for 0o0 _1 , we can show that rt = I n and tr = I m . 
So (r l3 ) e GL nxm (A)[d][a]. □ 

For convenience, in the above definition of M nxm (y4)[(i][a], if (a) = (0, . . . , 0), then we will 
write M nxm (A)[d] instead of M nxm (A)[d}[0]. We let 

n inxm (A) = {(d) e T n : GL nxm (A)[d] ? 0}. 

Then it is immediate from the above Proposition that A n (d) = gr A n as graded A-modules if 
and only if (d) £ T* Mn(A) . 
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A graded A-module P = ® 7gr P-y is said to be graded projective (resp. graded faithfully 
projective) if P is projective (resp. faithfully projective) as an A-module. Note that a graded 
A-module P is projective as an A-module if and only if Hom^_ gr _jv[o£)(-P, — ) is an exact functor 
in A-Qt-JAod. We use CPgr(A) to denote the category of graded finitely generated projective 
modules over A. The following Proposition proves a partial result of Morita equivalence 
(only in one direction), which we will use later in this section (after Definition 3.3). 

Proposition 3.2 (Morita Equivalence in the graded setting). Let A be a graded ring and 
let (d) = (5i, . . . , S n ), where each 5, G T. Then the functors 

V : ?gr(M n (A)(d)) — ► ?gr(A) 

P I— ► A n (~d) ® Mn (A)(d) P 

and ip : ?gr(A) — > 7gi(M n (A)(d)) 
Q .— »• A n {d) ® A Q 

form equivalences of categories. 

Proof. Observe that A n (d) is a graded M n (A)(d)- A-bimodn\e and A n (-d) is a graded A-M n (A)(d)- 
bimodule. Then 



9 : A n (-d) ® Mn (A)(d) A n (d) 
(ai, . . . ,a n ) ® (h, ...,b n ) 
and a : A 
a 



A 

ai&i H h 

A n (-rf) ®M„(A)(d) 

(a,0,...,0)<8> (1,0,... 0) 



are graded ^-module homomorphisms with a o 9 = id and # o a = id. Further 

9' : A n (d) ® A A n (-d) — > M n (i4)(d) 

/ai\ /ai&i ••• ai^n\ 



and a: M„(A)(d) 



\a n &i • • 



A n {d) ® A A n {-d) 
fmi,i\ /l\ 



m 2 .i 







a n b n / 
( rn hn \ 



V m n,l/ V / V "V* / V 1 / 

are graded M n (A)(d)-module homomorphisms with a' o 9' = id and 9' o a' = id. So 
A n (-d) ® Mn (A){d) A n (d) = gr A and A n (d) ® A A n (-d) = gr M n (A)(d) as A-A-bimodules 
and M n (A)(d)-M„(A)(d)-bimodules respectively. Then for P G IPgr (M n (A)(d)), A n (d) ® A 
A n (-d) ® Mn (A)(d) P = g r P and for Q G J'gr(A), A re (-d) ® Mn {A){d) A n {d) ® A Q = g r Q, which 
shows that ^ and ip are mutually inverse equivalences of categories. □ 

A graded .R-algebra A is called a graded Azumaya algebra if A is graded faithfully pro- 
jective and A £g># t4° p = gr End/? (A). We let Az gr (_R) denote the category of graded Azumaya 
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algebras over R and Ab the category of abelian groups. Note that a graded i?-algebra which 
is an Azumaya algebra (in the non-graded sense) is also a graded Azumaya algebra, since it is 
faithfully projective as an i?-module, and the natural homomorphism A®rA° v — > End^(A) 
is clearly graded. So a graded central simple algebra over a graded field (as in Theorem 2.4) 
is in fact a graded Azumaya algebra. 

Definition 3.3. An abstract functor 3 : Az gr (i?) — > Ab is defined to be a graded D- 
functor if it satisfies the three properties below: 

(1) 3(R) is the trivial group. 

(2) For any graded R- Azumaya algebra A and for any (d) = (Si, ... ,5k) £ ^M k (R)' there 
is a homomorphism 

p : 3(M k (A)(d)) — > 3(A) 
such that the composition 

3(A) — > 3(M k (A)(d)) — > 3(A) 

is rjk, where r)k(x) = x h . 

(3) With p as in property (2), ker(p) is fc-torsion. 

Note that these properties are well-defined since both R and Mk(A)(d) are graded Azumaya 
algebras over R. 

We set Kf(R) = K i ('J ) gr(R)) , where 'Pgr(R) is the category of graded finitely gener- 
ated projective i?-modules and K { are the Quillen i^-groups. Let A be a graded ring with 
graded centre R. Then the graded i?-linear homomorphism R — > A induces an exact functor 
CPgr(i?) — > "Pgr (A), which, in turn, induces a group homomorphism Kf(R) — > Kf(A). Then 
we have an exact sequence 

(IV) 1 -> ZKf (A) -> Kf(R) -> Kf(A) -> CKf (A) -> 1 

where ZKf r (^4) and CKf r (A) are the kernel and cokernel of the map Kf(R) — >■ i^f r (A) 
respectively. Then CKf can be regarded as the following functor 

CKf : Az gr (i?) — ► yi6 

A CKf (A), 

and similarly for ZKf". We will now show that CKf is a graded D-functor. Property (1) is 
clear, since R is commutative so Kf(Z(R)) — > Kf(R) is the identity map. For property (2), 
let CPgr(A) and CPgr(M fe (yl)((i)) denote the categories of graded finitely generated projective 
left modules over A and M k (A)(d) respectively. 

Then there are functors: 

(V) : ?gr(A) — ► J>gr(M fc (A)(d)) 

X^M fc (A)(d) ® A X 

and 

(VI) ^ : Tgr(M k (A)(d)) — > Pgr (A) 

v i—). A fc (-^) ®M fc (A )( d) r. 
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The functor induces a homomorphism from Kf T (A) to Kf (M k (A)(d)) . By the graded 
version of the Morita Theorems (see Proposition 3.2), the functor if) establishes a natural 
equivalence of categories, so it induces an isomorphism from Kf (M k (A)(d)) to Kf r (A). For 
X G 'J'gr(A), if; o <j>(X) = gr X k (— d). Since each (d) G ^M k f R y using a similar argument to 
that of Proposition 3.1, we have X k (— d) = gr X k . Since Ki are functors which respect direct 
sums, this induces a multiplication by k on the level of .ff-groups. 

Now the exact functors (V) and (VI) induce the following commutative diagram: 



Kf(R) 



Kf{A) 



CKf(A) 



Kf(R) — Kf(M k (A)(d)) — CKf(M k (A)(d)) 



Vk 



Kf{R) 



Kf{A) 



CKf(A) 



1 



where composition of the columns are r) k , proving property (2). A diagram chase verifies 
that property (3) also holds. A similar proof shows that ZKf r is also a graded D-functor. 



Theorem 3.4. Let A be a graded Azumaya algebra which is graded free over its centre R of 
rank n, such that A has a homogenous basis with degrees (8\, . . . ,8 r , 
is n 2 -torsion, where J is a graded D-functor. 



inT* Mn{Ry Then 3(A) 



Proof. Let {ai, . . . , a n } be a homogeneous basis for A over R, and let (d) = (deg(ai), . . . , deg(a n )) G 

(R)- Since R is a graded Azumaya algebra over itself, by (2) in the definition of a graded 
D-functor, there is a homomorphism p : ^(M^R)^)) — > ^(R). But ^(R) is trivial by 
property (1) and therefore the kernel of p is 3 r (M n (R)(d)) which is, by (3), n-torsion. 

In the category Az gr (i?), the two graded i?-algebra homomorphisms i : A — > A £g>jj A op 
and r : A op ->• End R (A op ) ->■ M n (R)(d) induce group homomorphisms $(A) ->■ 3(A ® R A op ) 
and ^(A^rA^) -> $(A® R MJ(R)(d)), where 3(A® R M n (R)(d)) = S(M n (A){d)). Further, 
the graded i?-algebra isomorphism A ® R A op = gr End R (A) from the definition of a graded 
Azumaya algebra, combined with the graded isomorphism End^(A) = gr M n (R)(d), induces 
an isomorphism 3 (A ® R A op ) = 3 f (M n (R)(d)). Consider the following diagram 



?(M n (R)(d))*5(A® R A° p ) 



3{M n {A){d)) 



?(A) 



which is commutative by property (2). It follows that 3(A) is n 2 -torsion. 



□ 



Theorem 3.5. Let A be a graded Azumaya algebra which is graded free over its centre R 
of rank n, such that A has a homogenous basis with degrees (5i, . . . , 8 n ) in T* M , R y Then for 
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any i > 0, 

Kf{A) <g> Z[l/n] = Af (A) © Z[l/n]. 

Proof. The argument before Theorem 3.4 shows that CKf r (and in the same manner ZKf r ) 
is a graded D-functor, and thus by the theorem CKf{A) and ZKf(A) are n 2 -torsion abelian 
groups. Tensoring the exact sequence (IV) by Z[l/n], since CKf(A) ® Z[l/n] and ZKf r (/l)© 
Z[l/n] vanish, the result follows. □ 

Corollary 3.6 ([6], Thm. 6). Let A 6e an Azumaya algebra free over its centre R of rank 
n. Then for any i > 0, 

Ki(A) (g> Z[l/n] ^ A;(i?) ® Z[l/n]. 
Proof. By taking T to be the trivial group, this follows immediately from Theorem 3.5. □ 

Remark 3.7. Note that a graded division algebra A is strongly graded. By Dade's Theorem 
[10, Thm. 3.1.1], there is an additive functor from the category of A -modules to the category 
of graded A-modules which induces an equivalence of categories. This implies that 

(VII) A 4 (A>) - Kf(A). 

Let D be a tame and Henselian valued division algebra with centre F of index n. Consider 
the associated graded division algebra gr(D) with centre gr(F). We know gr(D) = D and 
gr(F) = F and 

[ g T(D):gT(F)] = [T D :T F ][D:F], 

(see [8]). If D is unramified over F, i.e., = IV, then the assumption of Theorem 3.5 on 
the homogenous basis is satisfied, so 

Af (gr(£>)) g) Z[l/n] = Kf (gr(F)) <g> Z[l/n]. 

We end the note with an example of a graded Azumaya algebra such that its graded 
A-theory is not the same as the graded A-theory of its centre. 

Example 3.8. Consider the quaternion algebra H = M©Mi©Mj©M/c. Then H is an Azumaya 
algebra over R and it is a Z2 x Z2-graded division ring. So H is in fact a graded Azumaya alge- 
bra, which is strongly Z 2 x Z 2 -graded. By Dade's Theorem, Kf (H) = A (H ) = K Q (M) = Z. 
The centre Z(B) = M is a field and is trivially graded by Z 2 x Z 2 . So Af r (Z(M)) = Af (R) = 
Z©Z©Z©Z. We remark that the graded Azumaya algebra H does not satisfy the conditions 
of Theorem 3.5. 
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